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1. Introduction
What I will do in this note is to show how to test for a power law.
A naked-eye plot can do that.
Lehmann, B. Lautrup, and A. D. Jackson (2003) use a spline in their
well-known paper on citation networks in physics. They compare with a
negative exponential, I think, and cannot decide between the two.
You could use the Newman or Goldstein ML estimator in doing this.
Then find the likelihood of each of the two models and see if the log
ratio flunks a chi-squared test or not.
This will show whether you have concavity or convexity instead of a
power law.
Also, a one-sided test is easy.
Also, most important, you can decide whether it is close to being a
power law. You have to pick your own criterion for this. I can come up
with one, though. Something based on the two models estiamted, and how
much they differ– the area between them in the graph. A sort of R2 ,
comparing within variance to between variance.
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Figure 1: Distributions Similar to the Power Law
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2. Estimation: OLS Is Biased and Inconsistent
The power law density (for a continuous distribution) or probability
(for a discrete one) is
p(x) = Kx−γ ,
(1)
where K is a constant chosen to make the cumulative density or probability
equal to one over the support of the distribution. The support is from some
strictly positive value xmin to infinity.
If the distribution is continuous (in which case it is called the Pareto
distribution) with support [xmin , ∞], then
K = (γ − 1)xγ−1
min

(2)

If the distribution is discrete (in which case it is called the Zeta or Zipf
distribution) with support {1, 2, . . . , ∞}, then
K = ζ(γ) =

∞
X

i−γ .

(3)

i=1

We will work with the discrete distribution here.
Suppose we have data consisting of observations x1 , x2 , . . . , xn . This
will generate an empirical probability function showing the frequency of a
count, f (z), with support on the possible count values {1, 2, . . . , zmax }, the
function that is usually graphed. One estimation approach is to use
regression analysis on this generated dataset (z, f (z)). Most simply, one
could use ordinary least squares, estimating log(f ) = α − βlog(z), which is
equivalent to f = αz −β . This would be wrong. It is biased, for reasons I
will explain.
Figure 2 shows the true and empirical probability functions. The
horizontal axis shows x ≡ log(count), where the count equals 1, ..., ∞, so x
goes from 0 to ∞. The vertical axis shows y ≡ log(f requency(count)). The
1

From Newman, Figure 5.
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observed frequency of a count is 0 or greater, but since log(0) = −∞, any
count with observed frequency of 0 is dropped from the dataset, so the
remaining observed counts of y are 0 or greater. These observed counts are
shown as stars in Figure 2. Ordinary least squares calculates the “OLS
line” which fits those observations as well as possible.
The expected frequency of a count need not be an integer, so it can be
less than 1, which means its logarithm can be negative. The large dots
shows these expected freqencies. They lie on the “true line”, which plots
y = α − βx. None of these expected frequencies are zero, so none of the
counts would need to be dropped.
The observed frequency is the expected frequency plus a stochastic
disturbance term, ε, so y = α − βx + ε. This disturbance term has some
distribution g(ε). Figure 2 shows the realized values of the disturbances as
vertical distances, some positive, some negative.
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Figure 2: The Bias of Ordinary Least Squares
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Let us denote the vector of T observed values of y by y, the matrix
with one column of T 1’s and one column of the T observed values of X by
X, the vector of T unobserved values of ε by ε, and the vector (α, −β) by
Γ. Then
y = XΓ + ε,
(4)
and the OLS estimator is
Γ̂ = (X0 X)−1 X0 y

(5)

The expected value of the OLS estimator is
E Γ̂ = E(X0 X)−1 X0 y
= E(X0 X)−1 X0 (XΓ + ε)

(6)

= Γ + E(X0 X)−1 X0 ε)
If EX 0 ε = 0, OLS is unbiased. But that is not the case here, for two
reasons. First, we have omitted all the observations for which y = −∞.
These are values for which ε < 0, so the expectation of ε taken over the
remaining, included, values is positive, not zero. Second, ε cannot take take
negative values for large values of x, because that would result in negative
values of y, and 0 is the smallest observed value of y. Thus, even the
included observations have a positive expected value of ε. Both effects bias
ˆ will be biased up
Γ̂ in a positive direction, so α̂ will be too large, and −β
towards zero, too small a negative number, so β will be too small. OLS is
biased, and we know the sign of the bias.
As an example, consider US Supreme Court citation data. Figure 2a
below shows a plot of the frequencies together with the OLS estimate, in
log space and linear space.
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Figure 2a: U.S. Supreme Court Data with the OLS Estimate

3. Estimation: Maximum Likelihood, Simple and Splined
The likelihood of γ being the true parameter if you observe value xi is
l(γ|xi ) =

x−γ
i
.
ζ(γ)

(7)

Thus, the likelihood of observing the n-vector x of independent values xi is
 −γ 
xi
n
l(γ|x) = Πi=1
(8)
ζ(γ)
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It is convenient to maximize not this, but the log-likelihood (whose
maximand over γ will be the same as the likelihood’s), which is:
L(γ|x) = log[l(γ|x)]
=

n
X

[−γlog(xi ) − log(ζ(γ))]
(9)

i=1

= −γ

N
X

log(xi ) − N log(ζ(γ))

i=1

Maximizing this with respect to γ, the first-order condition is
n

X
dL(γ|x)
=−
log(xi ) −
dγ
i=1



ζ 0 (γ)
ζ(γ)


= 0,

(10)

so the best estimate of γ solves
n
X
log(xi )
i=1

N


=−

ζ 0 (γ)
ζ(γ)


(11)
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Figure 3: The Spline
Now go to having two γ’s. For x ≤ θ, we use γ1 , and for x ≥ θ we use
γ2 . The two distributions must meet at θ. Thus, the probability function is
P (x) = K1 x−γ1 if x ≤ θ
(12)
= K2 x−γ2 if x > θ
Note that K1 and K2 do not have any necessary relation to the Zeta
function. Each half of the spline does not have to be a Zeta distribution.
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Without loss of generality, let us number the xi data from smallest to
biggest, so x1 is smallest and xN is biggest. Thus the data consists of an
n-vector x such as x = (1, 1, 1, 1, 2, 2, 3), which would have an empirical
distribution of f (z) =(1:4, 2:2, 3:1). Let us define xm(θ) as the last xi that
equals θ, so xm(θ) ≤ θ < xm(θ)+1 . If θ = 2, then in our example, xm(θ) = 2
and m(θ) = 6.
There are 5 parameters in P (x), but they are not all independent, just
as K and γ were not earlier. Two of the five parameters can be pinned
down by the following two restrictions. First, as before, the probability
must sum to one.
θ
∞
X
X
−γ1
K1 i
K2 i−γ2 = 1
+
(13)
i=1

i=θ+1

Second, the function must be continuous, so at the cutpoint θ the two
power laws intersect:
K1 θ−γ1 = K2 θ−γ2 .
(14)
These two conditions can be solved for K1 and K2 . From (14),
K2 = K1 θγ2 −γ1

(15)

From (13),
θ
X

K1 i

−γ1

i=1

+

∞
X

K1 θγ2 −γ1 i−γ2 = 1,

so
K1 =

(16)

i=θ+1
θ
X
i=1

i−γ1 +

∞
X

!−1
θγ2 −γ1 i−γ2

,

(17)

i=θ+1

Let us denote by xj the last observation such that xi ≤ θ, so
xj ≤ θ < xj+1 . The likelihood of observing the n-vector x of independent
values xi is



m(θ)
−γ1
−γ2
l(γ1 , γ2 , θ|x) = Πi=1 K1 xi
ΠN
K
x
.
(18)
2
i=m(θ)+1
i
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The log likelihood is
L(γ1 , γ2 , θ|x) = log[l(γ1 , γ2 , θ|x)]
m(θ)

=

X
i=1

[log(K1 ) − γ1 log(xi )] +

N
X

[log(K2 ) − γ2 log(xi )]

i=m(θ)+1

(19)
To maximize this, use Matlab. The expressions for K1 and K2 contain
infinite sequences, but these can be well approximated by finite sequences.
As a starting point, try θ = N/2 and γ1 = γ2 = γ as calculated using the
MLE earlier.
As an example, consider US Supreme Court citation data. Figure 3a
below shows a plot of the frequencies together with the maximum
likelihood estimates in log space and linear space, splined and single.
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Figure 3a: U.S. Supreme Court Data with Maximum Likelihood
Estimates
4. Testing the Estimated Curve
A first test we might do is the Kolmogorov-Smirnov test for whether it
can be rejected that the single-γ power law generated the observed
empirical distribution function. Figure 4 shows the critical values for this,
taken from Goldstein et al.
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Figure 4: The Kolmogorov-Smirnov Test2
If we apply the Kolmogorov-Smirnov test to the U.S. Supreme Court
data, the test statistic is xxx, with a critical value of xxx at the 5 percent
level.
2

From Goldstein et al.
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A second test might be a Kolmogorov-Smirnov test for whether it can
be rejected that the two-γ power law generated the observed empirical
distribution function. I think that might require a new table of critical
values, though.
An alternative to the Kolmogorov-Smirnov test is a chi-squared test,
sometimes called Pearson’s Chi-Squared. To do this test, the observed data
is divided into bins chosen by the researcher. The number of observations
in each bin is compared to the number predicted by the single-γ or two-γ
distribution. This test is sensitive to how the bins are defined. Also, an
objection to it is that it would fail to detect a difference between the two
distributions that occurred only within a bin— if, for example, the values
z ∈ [10, 15] were in one bin, any shape of the theoretical distribution
between 10 and 15 that generates the same probability would look the same
to the test.
Let us see what happens with three different bin sizes: 1 count per bin,
2 counts per bin, and 10 counts per bin. Figure 4aa, 4ab, and 4ac show the
data with the expected frequency, in log space. The Chi-Squared statistics
are xxx, yyy, and xxx, with critical values xxx, yyy, and xxx for the 5
percent level.
A third test is the for whether the one-γ model can be rejected in favor
of the two-γ model. We will use a likelihood ratio test. See if
−2L(γ)
L(γ1 , γ2 , θ)

(20)

has a value greater than Chi-Squared (2). The Neyman-Pearson Lemma
says this is the most powerful test possible. Here, the test statistic is xxx,
and the critical value at the 5 percent level is xxx.
A separate thing we would like to test for is “economic significance”, as
opposed to “statistical significance”. With large amounts of data, it is easy
to reject a null hypothesis, even if the difference between what is observed
and the null is very small, because the measurements are so accurate. Thus,
we would like some measure of how much two distributions differ, as
opposed to how likely it is that they differ. I suggest using this measure, M :
  Z ∞

1
M ≡1−
f (x) − g(x) dx ,
(21)
2
−∞
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wheref and g can be either densities or probabilities.

The measure is between zero and one. If the two distributions are the
same, it equals one, since f (x) − g(x) = 0. The smallest value is zero, since
if f (x) and g(x) have disjoint supports,

  Z ∞

 
  Z ∞

Z ∞
1
1
1
f (x) − g(x) dx = 1 −
f (x)dx +
g(x)dx
=1−
1−
(1 + 1)
2
2
2
−∞
−∞
−∞
(22)
The measure can be calculated in several different ways. Note that
Z ∞
Z
Z
f (x) − g(x) dx =
[f (x) − g(x)] dx +
[g(x) − f (x)] dx.
−∞

x:f ≥g

x:f <g

(23)
Since
Z

∞

Z

∞

[f (x) − g(x)] dx =
−∞

Z

−∞

we know that
Z
Z ∞
[f (x) − g(x)] dx =

g(x)dx = 1 − 1 = 0,

(24)

−∞

Z
[f (x) − g(x)] dx = 0,

[f (x) − g(x)] dx +

x:f ≥g

−∞

∞

f (x)dx −

x:f <g

(25)
and

Z

Z

[g(x) − f (x)] dx.

[f (x) − g(x)] dx =
x:f ≥g

(26)

x:f <g

Thus, three equivalent definitions of M are
  Z ∞

1
M =1−
f (x) − g(x) dx
2
−∞
Z
=1−


[f (x) − g(x)] dx

(27)

x:f ≥g

Z
=1−


[g(x) − f (x)] dx.

x:f <g

We can use whichever measure is easiest to calculate.
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We can use this to compare the theoretical with the empirical
distribution, to get goodness of fit of the estimate. We can also use it to
compare the spline to the single- γ distribution.
Do it in log space, or in regular space? Do both.
We can figure out an analytic formula for comparing the one-γ and
two- γ cases. . That is easy enough for our comparison of two specified
distributions. We can use the definition of M that cuts the x- space up,
and look just at the difference between c1 and c2 .
 Z ∞
1
f (x) − g(x) dx
M =1−
2
−∞
c2

Z
=1−

[f (x) − g(x)] dx
c1

Z

θ

=1−

Z

c1

Z

(f (x) − g(x)) dx
θ

θ

=1−

(28)

c2

(f (x) − g(x)) dx +

Kx

−γ

− K1 x

−γ1



Z

c2

dx +

c1


Kx−γ − K2 x−γ2 dx

θ

I think the two densities will cross exactly twice, at points c1 and c2 ,
which I will next calculate. See Figure 2 for how this looks.
−γ1
Kc−γ
1 = K1 c 1 ,

so

c1 =

K
K1

γ1 −γ

K
K2

γ2 −γ

and similarly,

c2 =

(29)

(30)

Here, I would like to do the following things using the Indiana
Supreme Court data and the US Supreme Court data:

(31)
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1. Graph the single-γ and two-γ and empirical distribution functions
in normal space and in log space, marking c1, c2, and theta and shading
the intermediate region that is used to calculate M.
2. Compute the values of M for the difference between the single-γ and
two-γ and empirical distributions.
Other Measures
The Gini Coefficient for income distribution is similar. It is just for
comparing a uniform density with another density, though.
http://cmc.rice.edu/docs/docs/Joh2001Mar1Symmetrizi.pdf
The KB distance is often used to compare densities. It is not a true
distance– d(f, g) 6= d(g, f ). It is the expectation of the log likelihood ratio
given that g is true, I think. It goes from zero to ifninitey.
The Akaike criterion is related somehow. It is a number for each
estimate.
I can use the Akaike info criterion, for how many splines to use. it is
very simple. Just −2ln[f (y|θ)] + 2d, where d is the number of parameters
in the model.
it msut be related to the LR test. In small smaples, this is biased,
though. And it is not cnosistent.
There is not a simple explanation for why the LR ratio is chi- squaree.
Conclusions
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