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Abstract

The standard estimator of the population mean is the sample mean (4, = %), which
is unbiased. Constructing an estimator by shrinking the sample mean results in a biased
estimator, with an expected value less than the population mean. On the other hand,
shrinkage always reduces the estimator’s variance and can reduce its mean squared error.

This paper tries to explain how that works. I start with estimating a single mean using
2

the zero estimator (a neologism, ti, = 0 ) and the oracle estimator (s, = (#)@),

w+y+z>

).

Thus prepared, it is easier to understand the James-Stein estimator in its simple form

(k—2)0?

Wy +72

James-Stein estimator combines the oracle estimate’s coefficient shrinking with the

and continue with the unrelated-average estimator (another neologism, (i, =

with known homogeneous variance (i, = (1 — )@)) and in extensions. The

unrelated-average estimator’s cancelling out of overestimates and underestimates.
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Structure

)

1. Biased estimators can be “better”.
2. The zero estimator.

. The seventeen estimator.

-~ W

. The oracle estimator.

. The unrelated-average estimator.

. The James-Stein estimator with equal and known variances.
. The positive-part James-Stein estimator.

. The James-Stein estimator with shrinkage towards the unequal-average.
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. Understanding the James-Stein estimator.
10. The James-Stein estimator with unequal but known variances.

11. The James-Stein estimator with unequal and unknown variances.
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The James-Stein Estimator

W,Y, and Z are normally distributed with unknown means g, 1, and @, and
known identical variances o®. We have one observation on each variable, w, vy, z. The
sample means are fi,, (W) = w, f1,(y) = y, and [(.(Z) = y. But for any values that
L, by, and . might happen to have, an estimator with lower total mean squared error

is the James-Stein estimator which for y is this and for w and z is similar:

N - (k—2)o? —
HISw = W — om s aW, (1)

Some questions to think about

1. Why k — 2 instead of k7

2. Why not shrink towards the unrelated-average mean instead of towards zero?
3. Why not shrink all three towards ¥ instead of towards zero?

4. Why does it not work if o is different for W, Y, Z and needs to be estimated?
5. Why not use just Y and Z to calculate W’s shrinkage percentage?



The Sequence of Thought

1. Hypothesize a value p” for the true parameter, pu.
2. Pick an estimator of i as a function of the observed sample: fi(y).

3. Compare p and fi(y) for the various possible samples we might have give that

1= p”. Usually we'll condense this to the mean, variance, and mean squared error
of the estimator: Eju(y), E(jiu(y) — Efi(y))?, and E(j(y) — p")?

4. Go back to (1) and try out how the estimator does for another hypothetical value

of u. Keep looping till you've covered all possible value of p.
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The Zero Estimator

The sample mean is jiy = y

Our new estimator, “the zero estimator” is fi,eq, = 0.
MSE(j) = E(jv— p)* (2)
After some algebra,

MSE(f) = Eljip — EQ° + Efjt — ]’
MSE(j1) = E(Sampling Error)® + Bias?

(3)

The sampling error is the distance between i and p that you get because the sample

is randomly drawn, different every time you draw it.

The bias is the distance between [1 and p that you'd get if your sample was the entire

population, so there was no sampling error.

Often one estimator will be better in sampling error and another one in bias. Or, it

might be that which estimator is better depends on the true value of .

Mean squared error weights sampling error and bias equally, but extremes of either

of them get more than proportional weight. This will be important.



Mean Squared Errors

How do our two estimators do in terms of mean square error? The population variance

is o2,

MSE(iy) = E[j— EY)* + E[EY — p]?
(4)

MSE(jiy) = o

and
MSE(ftzer0) = E[0— E(0)] + E[E(0) — p?

(5)

MSE(ﬂZWO) = ,UQ

Thus, ¥ is better than the zero estimator it and only if 0 < u. That makes sense.
The zero estimator’s bias is p, but its variance is zero. By ignoring the data, it escapes

sampling error. I

If the population variance is high, it is better to give up on using the sample for

estimation and just guess zero.



8
The Seventeen Estimator

Let me emphasize that the key to the superiority of the zero estimator over ¥ is that
variance is high so sampling error is high. The key is not that 0 is a low estimate. The
intuition is that there is a tradeoff between bias and sampling error, and so a biased

estimator might be best.

The “seventeen estimator” is like the zero estimator, except it is defined as ji;7 = 17.
MSE(fisepenteen) = E17 — E(17)]> + E[E(17) — pu)?
(6)

MSE(/lseventeen) — <17 - :LL)Q

The seventeen estimator is better than 7 if ¢ > 17 — . Thus, it is a good estimator
if the variance is big, and a good estimator if the true mean is big and positive. It is not
shrinking the estimate from 7 towards O that helps when variance is big: it is making

the estimate depend less on the data.



III. The Oracle Estimator

Let’s next think about shrinkage estimators generally, of which i and the zero esti-

mator are the extreme limits.

How about an “expansion estimator”, e.g. i = 1.4y7? That estimator is biased, plus
it depends more on the data, not less, so it will have even bigger sampling error than

y. Hence, we can restrict attention to shrinkage estimators.

The “oracle estimator” is the best possible (not proved here). It is:

2

/lomcle = g - (02(1#02)? (7>

Equation (7) says that if p is small, we should shrink a bigger percentage. If o2 is

big, we should shrink a lot. The James-Stein estimator will use that idea.
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IV. THE UNRELATED-AVERAGE ESTIMATOR

Suppose we have k = 3 independent estimands, W, Y, and Z. We can still use the
sample means, of course— that is to say, use the observed values w, y, and z as our
estimator. Or we could use the zero estimator, (0,0,0). But consider “the unrelated

average estimator” : the average of the three independent estimands,

A A A PR w+ +Z
[UAEw = LUAEy = QUAE: = — (8)

After lots of algebra,

MSEyap =0°+ %((ui A 17) = (Hwpts + fufty + uyuz)) 9)
Not bad! In this context,

MSEwbar,y,zbar — 302 <1O>

The unrelated-average estimator cuts the sampling error back by 2/3, though at a
cost of adding bias equal to %((,LL%U + ,uz + 12) — (phopts + oty + uyuz)>. So if the
variances are high and the means aren’t too big, we have an improvement over the

unbiased estimator.
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THE UNRELATED-AVERAGE ESTIMATOR WITH COINCIDENTALLY CLOSE Es-
TIMANDS

. Notice what happens if y, = p, = g, = p. Then MSEyap = o + %((,LLQ +
o4 ) — (e e+ ,u) = o, better than the standard estimator no matter

how low the variance is! (unless, of course, oo = 0, in which case the two estimators
perform equally well). The closer the three estimands are to each other, the better
the unrelated-average estimator works. If they're even slightly unequal, though, the

negative terms in the second part of (10) are outweighed by the positive terms.
It oy, = 3, py = 3, p, = 10, for example, the last part of the MSE is %((9+9+ 100) —

(30 +9 + 30)) = %(39), and if the variance were only 0 = 4 then MSEy g = 17
and MSEwbar,y,zbar = 12.

Return to the case of p, = p, = ., and suppose we know this in advance of getting
the data. We have one observation on each of three different independent variables to
estimate the population mean when that mean is the same for all three. But that is a
problem identical (“isomorphic”, because it maps one to one) to the problem of having

three independent observations on one variable.
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CLOSE ESTIMANDS AND MEASUREMENT ERROR

One variable with three observations, it’s like having observations with measurement
error where some of the observations’ measurement errors don’t have zero means. It’s
as if we have observations w and y without error, but observation z has measurement
error. We would then have the decision of whether to use z in our estimation. If we
knew the measurement error was —1, we'd use z, but if the measurement error is the
+7 in the example, we'd do better leaving out z. (If we know the exact measurement
error, we can use that fact in the estimation, of course, but think of this as knowing z

has a little measurement error bias vs. a lot without knowing specifics.)

What’s going on is regression to the mean. We're shrinking the biggest overestimate
from 3 samples means and inflating the biggest underestimate, roughly speaking. When
k = 1, just one estimand, it’s either an overestimate or an underestimate, with equal
probability. When k = 2, there is an equal chance of (a) one overestimate and one
underestimate, cancelling each other nicely, or (b) an imbalance of two underestimates
or two overestimates that don’t cancel. When k£ > 3, we can expect cancellation on

average.
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Fama Portfolios

[ never understood before why in finance studies they start by putting stocks into
“portfolios” before doing their regressions, as in the famous paper Fama & MacBeth
(1973) . Finance economists say they do this to reduce variance, but it looked to me
like they were doing this by throwing away information and it must be a misleading
trick. After all, the underlying stock price movements are extremely noisy, even if the
portfolios aren’t, and the aim is to find out something about stock prices. Why not do
a regression with bigger n by making the corporation the individual observation instead
of the portfolio?

Here, I think, we may have the answer. Fama probably should have made a correction
to his results for the fact that he was using portfolios, not individual stocks, since
he wanted to apply his estimates to individual stocks in the end. But what he was
doing was using the unequal-average estimator. The portfolio average over 20 stocks
is really the unequal-average estimator for each stock. It is biased, because each stock
is different, but it does cut down the variance a lot. And so for estimating something
about 100’s of stocks, where only the total error matters and we don’t care about
individual stocks, he did the right thing.
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Two Ideas
1. Shrink if variance is high relative to the mean, to reduce mean squared error.

2. Combine info from three unrelated estimands because regression to the mean will

help us— their errors will “cancel out”.
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V. The James-Stein Estimator for & Means, Variances Identical and

Known

1. “Stein’s Paradox”, from Stein (1956), is that there exists an estimator with lower
mean squared error than vy if £ > 3 whatever values © might take.
2. The “James-Stein estimator” of James & Stein (1961) describes a particular estima-
tor.

3. “Stein’s Lemma” from Stein (1974, 1981) makes it easier to show that the James-

Stein estimator has lower MSE than .

For k = 3 and n = 1 and known homogeneous variance o2,

2

fly 75 =Y — (—w2+22+22)y (11)

MSE(JS, total) = 30% — (k — 2)%" [E;] (12)

Wy 422
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The James-Stein Estimator: What’s Really (Going On?

Compare the JS shrinkage with the oracle estimator:

N (1 (k —2)o? ) (13)

MJS,y_ w2+y2+22 y

52
Aorace = |1- ) 14
sty = (1= 777 ) (14)
It happens that
2 _ 2 2

Ey® = p,+0°+0 (15)

Thus, another way to write the optimal oracle estimator for the kK = 1 case is

. k —2)o?
Horacle,y — (1 — ( Ey2> >y (16>

The analog of the oracle estimator is

. (k —2)0?
oracle.yw,z — 1 — ) 17
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Why the k£ — 2 Correction?

We need the (k — 2) correction because of the bias in the shrinkage being correlated
with the bias in 3. Think of there being k variances combined in the denominator. So
if i/ is combined with 2 other parameters, we need to multiply the shrinkage amount
by 1/3. If with 4, by 1/2. If with 5, by 3/5. If with 6, by 2/3. If by 20, by 9/10. If
with 1, then by 0/2.
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Regression to the Mean

Really, JS is just using regression to the mean. Suppose we knew that p,, = p, = 1,
Then we'd have just 1 value to estimate. We could use the mean instead of 0 as the
level to which ot shrink, and that would work better— would be optimal in fact (we
can find the first-best here because we're in effect back to k = 1). But let’s stick with
shrinking to zero. Then, the biggest variable’s estimate won’t be shrunk down from its
observation enough. All three variables are shrunk the same percentage. The smallest
shouldn’t be shrunk at all, but it is. Since it’s smallest, though, and its percentage
shrinkage is the same, its absolute shrinkage is the smallest. So what we've got is an
estimator that shrinks the small observations less and the big observations more— just

what we want.
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Equal Estimands

Of course, when p,, = p, = p. we will end up with an overall improvement, since
that’s true of the James-Stein estimator even when the true means aren’t equal. But it

works out even better. The mean squared error back in equation (?7) for just Y was

2, .2
MSEjs, = 0*+ (k = 2)0" (kB v — 2Bt

w2+y?+22)

(18)
:02+0(3E v Y o s — 2K 2 )

(w?4y 2+z )? (w2 +y?+22) (w2 +y?+22)?

As I said then, we can’t tell if (18) is bigger than o or not, even though when we
add it to the mean squared errors for W and Z we can tell the sum is less than 302

But suppose p,, = p, = p.. Then

2 y> v v
MSEJS,?J = 0" +0 (BE( 2+y2+z) o 2E(w2+y2+22)2 o 2E(w2+y2+22)2)
(19)
P
— 0'2 — U4E(w2+y2+22)2

Equation (19) tells us that the mean squared error for each estimand is lower with

James-Stein than with ybar if the true population means are equal. And that means

+that 1+ 111 he 1Aavior fAar nach natitrmand € +he +7v110 nanviilaticnmy meoana ara fairlsr ~lAcan +A
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V1. The Full James-Stein Estimator for £ Means, Variances Not Iden-

tical, But Known

This turns out not to be as hard a case as you might think. There’s a trick we can
use. Suppose we have three estimands, each with a separate known variance, o2, 05, o
Before we start the estimation, transform the variables so they have identical variances,
all equal to one. We can do that by using g—’; instead of y;. Now, all the variances are
equal, so we can use the plain old James-Stein estimator. At the end, untransform the

estimator so we have a number we can multiply by the original, untransformed, data.

The three transformed variables will each have a different mean but all will have the
same variance, o9 = 1. Thus we're back to our old case of equal variances. Because

we've used this trick, we are still shrinking each estimator the same amount, even

though in this case it would seem to make sense to shrink 7 more than z if 05 > o2,
Maybe the transformation process does that somehow, though. I do see that if o = 0,

the transformation breaks down because it requires dividing by zero.
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VI1I. The Full James-Stein Estimator for £ Means, Variances Identical
or Not, and Also Needing To Be Estimated

The James-Stein estimator (with k£ = 3 in this case) will turn out to be, for the case

of equal unknown variances and equal sample sizes,

_ 52 _
My, Js =Y — (n——i—l) (k — )<y2+@2+z2)y7 (20)
2
MSEjsy = 02+ 70! <*y + 2 2) Bt — 00 E e (2)

This shows why we need more than one estimand to get the James-Stein estimator
to work. It would be nice if we could find a value for v that would make the second
term of this MSE negative. We can’t, though— there is no way to pick v so that
(v + % +2) < 0. On the other hand, there’s that third term, which we get by having
z and w in the problem. It’s negative, so we can hope it would outweigh the first two

terms.
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Full MSE with equal unknown variances

MSE(JS, total) = (0 +oi+o )

i 72 2 52 ]
VO, [\ ny—l (y2+—2+‘2)2 + 2E(_y2+w2+z 7z |t (22)
52 =2 _ 752 72 1
_|_,y0-;l Y + njll @2+ —2)2 + 2 (—2+ + y) +

+v04[<7+ )E 0+ 2B y"‘q
w e A T (7 +w+22)°

This expression looks hopeful. We have a lot of negative numbers in the “+2E(jkjkljl)”

terms— more negatives than positives in each numerator. And positive terms like nzzl
will get small as our sample size rises above n = 2. But there’s a fatal problem. We

: _ _ : 4 4 4
can’t cancel out across the 7, Z, and w expressions, because o, # 0. # o..

More correctly, those variances might not be equal, so we can’t count on that. I wish

we had a symbol for “is not necessarily equal to but it might happen to be equal to.”
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A Special Case

Think about what happens if 02, 02, f1,, and p, are very small, and n, = 2 so that
271 is big. The third and fourth lines of (22) are now small, and

Ny—

MSE(JS, total) =~ 054—70 (7+ )E +2E< 2>2}
(23)

Q

o, + 0, |37 + 2Eg—12}

There is no v that can make this MSE smaller than 0 + 02 + o2, Since only ¥
is important, we can’t trade off likely errors in one estlmand against likely errors in
another. Thus, we do need the assumption of equal variances if the variances are

unknown. Without it, we're effectively back in the £ = 1 case.
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Shrinking towards the Unrelated Average

Let’s try, for k = 3 and n = 1 and known homogeneous variance ¢, the more general

James-Stein estimator:

iy =y + (k = 20 (o ) (A — ) (24)
where we will consider two possibilities, A = w and A = %
Define
9y) = (k= 2)0* (= ) (A — ) (25)
with derivative
i — (k- 2o B ) (26)
dy w2yl4+z2  (wiy?+22)?

The mean squared error is

MSE, = E(y+g(y) —uy)2

= E((y = Hy) F 9<y))2 (27)
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Stein’s Lemma implies that for Y distributed N (,uy, 02),

dg
Bgw)y—m)) = B2, (28)
Yy
SO we get
MSE. = 2+ E(k — 2)254 A—y ’ 0'72F | (k — 9)o2 %_1 _ 2y(A—y)
y 0"+ E( )"0 w2+y?+22 T 20 ( Jo wr4y2+22 (wiyl+z2)?
24,2 (M—l)(w2+y2—|—22)—2Ay—|—2y2
(29)
Now let’s introduce A = w, so we get
W22 —2u D (w224 22) — D202
MSE, = o>+ (k — 2)204E(w2iyyg+222$2 +2(k — 2)0 B (@;i;ui?)g s
w22 — 9w w2 202—952 4wy 2
= o+ (k — 2)°c* (E(wQ_:_::ny+2ZQ)?JQ + B2 (in+y22+Z24)2 ytly )
(30)

24,2 2 2 2 2
_ 2 _9\2 .4 w4y~ —2wy—2w* —2y* =22 —4dwy+4y
= 0+ (k—2)%0 E( s

— w2 +3y% —6wy— 22
= 07 4 (k — 20 B (T )
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adding up the three we get

MSE(total) = o*

—w*+3 6wy — 22
+0° + (k — 2)°0*FE (gfymg

— w4322 —6wz—
+0° + (k —2)°0'E (g+y2+z) s

2y* 4222 — 2w —6wy—6
= 307 + (k — 2% B (222 =t

Not much use.

w+y+z

Now let’s introduce A = :

, SO we get

(48 —1) (w?+y?+2%) —2Ay+2y?

MSE, = o®+ (k — 220 B2 4 o(k — 2)0*E

(w2 +y2+22)2 (w2 +y2+22)2

A2142 24 1) (w2 422)—2Ay+2y2
= 02+ (k — 220 BAFL2 4 ok — 9)ot Pl s S

A24y2 924 w4y 422)— 4 Ay+4y?
= 0%+ (k— 2P0 (BAELY + pril ) )

2 13 2 2
9 g A AZ—6Ay+ B2 —dw? 2,2
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Adding up the three estimands MSE’s, we get

13,2 4.2 4.2

A?—6Aw+ R w?—ay?—42
MSE(total) = o*+ (k — 2)204E( (wi}ﬂfjg :

2 13,2 4,2 4.2
2 o2 A AT6AY+ Ty w32
2 13.2 4.2 4, 2

= 30% + (k — 2)204E(3A26A(%Zgiz;§%+§y2+§22 -
= 30° + (k — 2)204E(3A2_6A(“’(Zgizgfgz+§y2+§£)

= 30% + (k — 2)204E((w+%+2)2Q(Z;g;f;)%;u%%y%%z?)

= 30% + (k — 2)204E<%(wﬂa;fyg%(;j;y%z?)

= 80t (-2 B ()

This is better MSE than the sample means, to be sure.

This comapres with

MSE(total, JS) = 302 — (k — 2)204E( w2’ ) (34)

(w?4y2+422)?
The JS MSE looks like it would usually but now always be lower. It would be higher

‘£ . . 1. XXT XN 7 A o 1YY 1 1 's N I Y A B



28

k = 1,n = 3, independent draw case, which doesn’t look likely here— so what is going

on? Ah—mnot enough care to how far to shrink, maybe.

How about stretching each estimand towards the average of the other two?



